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ABSTRACT: We consider corrections to the unification of down-quark and charged-lepton
Yukawa couplings in supersymmetric GUTSs, which links the large v, — v, mixing angle to
b — s transitions. These corrections generically occur in simple grand-unified models with
small Higgs representations and affect s — d and b — d transitions via the mixing of the
corresponding right-handed superpartners. On the basis of a specific SUSY-SO(10) model,
we analyze the constraints from K —K and By— B4 mixing on the additional dp—3p rotation
angle 6. We find that ex already sets a stringent bound on 6, ™ ~ O (1°), indicating a
very specific flavor structure of the correction operators. The impact of the large neutrino
mixings on the unitarity triangle analysis is also briefly discussed, as well as their ability
to account for the sizeable CP-violating phase observed recently in By — J/1¢ decays.
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1 Introduction

The start of the LHC at CERN will enable us to study TeV-scale physics directly for the first
time. Most importantly, we will eventually probe the mechanism of electroweak symmetry
breaking; moreover, we will be able to test various scenarios for new physics beyond the
standard model (SM), the leading candidate of which is arguably supersymmetry (SUSY).
The presence of supersymmetry at the TeV-scale eliminates the quadratically-divergent
loop contributions to the Higgs mass and thereby stabilizes the electroweak scale against
the scales of more fundamental physics. In addition, TeV-scale SUSY models provide an
attractive mechanism for electroweak symmetry breaking and an appealing candidate for
cold dark matter. Furthermore, they offer a compelling outline for the unification of all
matter and interactions, the first step of which is grand unification [1].

The near unification of the SM gauge couplings within the minimal supersymmetric
standard model (MSSM) at Mgyt =~ 2 - 10'% GeV, with the MSSM being valid above the
TeV-scale, suggests that the standard-model group, Gsm = SU(3)~ x SU(2), x U(1)y,
is embedded into a simple gauge group at this scale, such as SU(5) [2] or SO(10) [3].
SO(10) is arguably the most natural GUT group: both the SM gauge and matter fields are



unified, introducing only one additional matter particle, the right-handed neutrino.! It is
an anomaly-free theory and therefore explains the intricate cancellation of the anomalies in
the standard model [4]. Moreover, it contains B — L as a local symmetry, where B and L
are baryon and lepton number, respectively; the breaking of B — L provides light neutrino
masses via the seesaw mechanism. Remarkably, Mgyt is of the right order of magnitude
to generate neutrino masses in the sub-eV range. Hence, the neutrino masses are linked to
the breaking of the GUT symmetry [5].

Flavor experiments, though not able to access the TeV scale directly, have put strong
constraints on the MSSM parameters. Due to the lack of deviation with respect to the SM,
we expect the new sources of flavor mixing and CP violation to be very limited for SUSY
particles around the weak scale. As formulated by the concept of minimal flavor violation [6,
7], we assume that the Yukawa couplings are the only source of flavor violation and (even
more) that the supersymmetry breaking parameters are universal at some fundamental
scale. Within the minimal supergravity (mSUGRA) scenario [8], this scale is usually taken
to be Mgyur. An alternative and arguably more natural choice, however, would be the
Planck scale, Mp; = G;Vl/Q = 1-10" GeV.2 The reason to take the MSSM unification
scale instead is simply that while the use of the renormalization group equations of the
MSSM below Mgyt is undisputed, the analysis of the region between Mgyt and Mp;
requires knowledge about the grand-unified model. However, the universality of the SUSY-
breaking parameters is broken by their evolution down to lower energies. Thus the choice
of Mgyt eliminates potentially important flavor effects. In our analysis, we will adopt Mp
as universality scale, and study consequences of this choice in detail.

In the standard model, fermion mixing is only measurable among the left-handed states
and described by the quark and lepton mixing matrices, Vo and Vpyng. Both small and
large mixing angles are realized: while those in the quark sector are small, two angles in
Vpumns turn out to be large. These are the neutrino solar and atmospheric mixing angles,
where the latter is close to maximal. The effects of Vo and Vpying are confined to the
quark and to the lepton sectors, respectively. In GUTSs, however, this separation of quark
and lepton sector is abrogated as quarks and leptons are unified. Thus their masses and
mixings are related to each other. While different patterns are possible, it is natural to
expect imprints of Vpyng on the quark sector as well. In particular, it might be possible
to trade off small rotations of left-handed down quarks and right-handed leptons against
large mixings among right-handed down quarks and left-handed leptons, as we will discuss
below. The mixing of the right-handed fermions is unobservable due to the absence of
right-handed flavor-changing currents at the weak scale. With weak-scale supersymmetry,
the mixing of the corresponding scalar partners of quarks and leptons becomes physical.

The impact of the large atmospheric mixing angle on By physics has already been in-
vestigated in detail [9-12]. Due to the good agreement of the bottom-quark and tau-lepton
masses at MgyT, one can adopt the predicted Yukawa unification of down quarks and
charged leptons. In order to study K and By physics, however, one needs to go beyond

1Strictly speaking, it is the left-handed neutrino singlet.
2Alternatively, one might choose the reduced Planck scale, Mp; = (87rG’N)71/2 =2.10" GeV, because
it compensates for the factor 87 in the Einstein field equations.



minimal models and modify the relations among the Yukawa couplings.® Here, we can
pursue two avenues: we can either introduce additional Higgs fields in larger representa-
tions, such as a 45y in SU(5), or parameterize the modifications via higher-dimensional
operators, suppressed by powers of a more fundamental scale [15, 16]. We opt for the
latter route for three reasons. One, large Higgs representations introduce a large number
of additional fields, which both yields large threshold corrections at Mgyt and makes the
gauge coupling blow up shortly above the GUT scale. Two, the use of higher-dimensional
operators reflects the successful Yukawa unification of the third generation; the corrections
are suppressed and therefore apply mostly to the lighter generations. Finally, we are able
to perform a more general study as we do not rely on specific Higgs fields.

In this paper, we will study the impact of the higher-dimensional Yukawa operators
on K — K and By — By mixing. A SUSY-SO(10) GUT with universal supersymmetry-
breaking parameters at the Planck scale will serve as our specific framework. In particular,
the precise measurement of ex will enable us to tightly constrain the additional (s)quark
mixing caused by these operators. The validity of our results for more general classes of
grand-unified models will also be assessed.

2 Yukawa unification and dimension-five operators

Grand-unified theories using small Higgs representations to break the electroweak sym-
metry generically predict the unification of down-quark and charged-lepton masses [1, 2.4
Before turning to SO(10), let us consider minimal SU(5) to bring out the central idea of this
work. Here the down-quark singlet, d¢, and lepton doublet, L, fill up the 5 representation,
whereas the quark doublet, @), as well as the up-quark and the electron singlets, u¢ and e,
are embedded in the 10. As usual, these are left-chiral superfields; for instance, we have
the electron singlet ef instead of the right-handed electron er. The adjoint Higgs field ¥
breaks SU(5) to the standard-model group, which is then broken to SU(3), x U(1),, by a
pair of quintets, H + H.

The corresponding Yukawa couplings read
Wy = Y{ €apede 1032 1050 H® + Y5 10205, Hy (2.1)

where a, b,... denote SU(5) and i, j flavor indices. The second coupling yields the uni-
fication of down-quark and charged-lepton Yukawa couplings Y. (and thus of the corre-
sponding masses). If Y; . are defined such that the weak doublets are on the left and the
singlets on the right, we obtain

Yo=Y =Y. (2.2)

3These modifications were neglected in ref. [13], whose authors consider minimal SU(5). Similarly,
ref. [14] assumes a minimal SO(10) model where Vokwm describes all SM flavor mixing (the study is from
1995, i.e. before the large mixing angles in the lepton sector were established).

4The unification of down-quark and charged-lepton masses is a prediction of the SU(4) symmetry, which
is present in the Pati-Salam model and respected in minimal SU(5).



The mixings of the right-handed (left-handed) down quarks are thus identical (or, more
precisely, conjugated) to those of the left-handed (right-handed) charged leptons.

This relation works remarkably well for the third generation but not for the lighter
ones. Thus we need to include corrections, which are generically generated by higher-
dimensional Yukawa operators, suppressed by powers of the Planck scale, Mp; [15]. With
the given particle content, we have two operators of mass-dimension five contributing to
the down-quark and charged-lepton masses [15],

Cc

xe Ne
Y, 10gb5jaM H.+YY%,10%5,, M; H, . (2.3)

The vacuum expectation value (vev) of ¥ is proportional to hypercharge, (3) =
o diag (2,2,2; —3,—3). Hence, the second operator modifies the relation (2.2),

o
Yo=Y. +5— Y. 2.4
a=Ye +53 Yo (2.4)
Now we cannot diagonalize both Yukawa matrices simultaneously anymore. In the basis
where the charged leptons are diagonal, we obtain

Ly Dde =D, + 5— YO—Q ; (25)
Mpy
D; denote the diagonal Yukawa matrices, and Ly and R, are unitary rotation matrices for
the down-quark fields. The good agreement of the bottom and tau masses at the GUT
scale indicates that the rotation matrices Ly and Rq have a non-trivial 1-2 block only,’

* % ()
Lg, Rg~ | x%0]|. (2.6)
001

Hence, the effect of the additional rotations may only be seen in observables involving the
first and second generations.

The effect of the dimension-five operators on proton decay has been studied in great
detail [17]. In this paper, we point out that the rotation matrix R; can be severely con-
strained by the precise measurements in K and By physics. This, in turn, allows for a
complementary study of these operators and thus enables us to probe grand-unified models.

In the following, we will omit the indices of the higher-dimensional operators. For
instance, we will denote the operators in eq. (2.3)

C

. _ % Ye
Y910,5; =Y 105 H Y4, 1085 b H, . 2.7
05 g 0 gy et %0 Moy 27

Note that these index-less operators represent all possible combinations for the fields to
form a singlet, and so Y, is an effective coupling matrix.

SEven if Y33 ~ 1, it is suppressed with respect to Y3° by o/Mpy.



3 Framework

Let us now turn to SO(10) and consider a model proposed by Chang, Masiero, and Mu-
rayama (CMM) [9]. Here the matter fields are unified in the spinor representations, 16;,
together with the right-handed neutrinos. SO(10) is broken to SU(5) by a pair of Higgs
spinors, 16 + 16y. Next, an adjoint field, 45, breaks SU(5) and the electroweak sym-
metry is eventually broken by a pair of fundamental Higgs fields, 105 and 10%;. In fact,
both the SU(5) adjoint and the SU(5) singlet of 45, acquire vevs, the latter (denoted by
vo ~ 1017 GeV) being an order of magnitude larger than the former (o ~ 1016 GeV).
The Yukawa couplings in the CMM superpotential read
455 10 i 16516y

Let us discuss the individual terms in detail. In the fundamental Higgs field 10z, only

Wy =16, Y 16; 105 + 16, Y5 16, (3.1)

the up-type Higgs doublet H, acquires a weak-scale vev such that the first term gives
masses to the up quarks and neutrinos only. The masses for the down quarks and charged
leptons are then generated through the vev of the down-type Higgs doublet Hy in the
second fundamental Higgs field 10%;. (A second Higgs field with Yukawa couplings to the
SM fermions is generally needed in order to have a non-trivial flavor structure.) They are
obtained from the second term in eq. (3.1) which is of mass-dimension five, in contrast to
minimal SU(5). As indicated above, this operator actually stands for various, inequivalent
effective operators with both the SU(5)-singlet and the SU(5)-adjoint vevs of the adjoint
Higgs field 45 such that the coupling matrix Yo can only be understood symbolically.
The magnitude of this second mass term is determined by the vev of the SU(5)-singlet
component, vy, which contributes equally to down-quark and charged-lepton masses. The
strong hierarchy between the ¢ and b, 7 masses then follows from the vy/Mp; suppression
factor. The smaller SU(5)-breaking vev (o), which is proportional to hypercharge as in
SU(5), will be important for the modification of the light generation Yukawa couplings.
The second term in eq. (3.1) can be constructed in various ways, for example by integrating
out SO(10) fields at the Planck scale. The corresponding couplings can be symmetric or
antisymmetric [18], resulting in an asymmetric effective coupling matrix Yo, as opposed to
the symmetric matrices Y; and Y. Finally, the third term in eq. (3.1), again a higher-
dimensional operator, generates Majorana masses for the right-handed neutrinos.

We can always choose a basis where one of the Yukawa matrices in eq. (3.1) is diagonal.
In particular, the basis where Yij is diagonal will be referred to as the up-basis. In the
CMM model, however, one assumes that Yij and Yj{, are simultaneously diagonalizable.
This assumption is motivated by the observed values for the fermion masses and mixings
and might be a result of family symmetries. First, we note that the up quarks have a
stronger hierarchy than the down quarks, charged leptons, and neutrinos. Consequently,
the eigenvalues of Y must almost have a double hierarchy compared to Y;. Then, given
the Yukawa couplings in an arbitrary basis, we expect smaller off-diagonal entries in the ro-
tation matrices of Y1 and Y than in Yo because hierarchical masses generically correspond
to small mixing. Moreover, the light neutrino mass matrix implies that, barring cancella-
tions, the rotations needed to diagonalize Y7 should be smaller than those in Ve [19].



Thus, even if Yy is not exactly diagonal in the up-basis, the off-diagonal entries in its
rotation matrix will be much smaller than the entries in Vegy so that they cannot spoil
the large mixings among dpr quarks generated by Vpuns.

Now, with Y; and Yy being simultaneously diagonal, the flavor structure is (apart
from supersymmetry-breaking terms, which we will discuss below) fully contained in the
remaining coupling, Ys. Let us assume for the moment that the relation (2.2) is valid.
Then we can rewrite the superpotential in the SU(5) basis as

. . 45 10’ . 1616
Wy = 16, DY 16,105 + 16, (V;'D2V;)"” 16, % +16,D% 1@% . (32)

where the second coupling is to be understood as (Q,e€)" VD2V (d, L) 455 10%; /Mpy
(cf. section 2). Then V, and V, coincide with the quark and lepton mixing matrices,
Verm and Vs, up to phases.® Note that the mass matrices of both down quarks and
charged leptons have a lopsided structure.

As discussed in the previous section, the relation (2.2) needs to be modified. Using
the SU(5)-breaking vev of 45, o, we obtain

Yo=Y +52Y,, (3.3)
Vo

in accordance with SU(5) discussed above. Again, this notation is symbolic, as Y, stems
from several distinct operators. Without these corrections, the large atmospheric mix-
ing angle could directly be translated to maximal mixing between the right-handed down
squarks br and S§p. Now the CKM matrix diagonalizes Yy le whereas the PMNS matrix
diagonalizes Y, Yl, such that we cannot give a general relation between the contributions
of the correction operators and additional rotations. Let us therefore make the ansatz

Ry=(UW)", (3.4)

i.e., the rotation of the down-quark singlet fields differs from that of the lepton doublets by
a unitary matrix U. Clearly, in absence of the correction operators, U = 1. As said before,
the goal of this paper is to study how much the rotations parameterized by Ry differ from
those of the charged leptons, i.e. whether a sizeable admixture of dp in §'5 is allowed.

As discussed above, the good bottom-tau unification implies that the (33)-entry of
U should be close to one, up to a phase, and the remaining entries of the third row and
column should be small. Thus we parameterize U as

Ui Uiz 0 cos B 1 —gin § etldr1—92+¢3)
U= |Uy Uy 0 | =|sinfe? cos 0 €3 0 |, (3.5)
0 0 ¢ 0 0 oita

with € € [0,7/2]. For concreteness, let us assume the tribimaximal form for the leptonic
mixing matrix, corresponding to the mixing angles #15 = arcsin (1 / \/§) ~ 35°, 013 = 0°,

5Tn the up-basis, Vekw is conventionally defined as the matrix that rotates the left-handed down-quark
mass eigenstates into the weak eigenbasis, while the inverse of Vpung rotates the corresponding charged
leptons. The transposition between R4 and V; in eq. (3.4) is due to relation (2.2).



and 03 = 45°. In the up-basis, we can have V; in its standard parametrization and thereby
absorb five of the six phases. Then we can indeed identify V, = Voxm. We cannot do so
for V; since we would only move the phases from the down-quark Yukawa matrix to the
down-squark soft-breaking masses. We therefore choose to have V; with six phases; to see
them explicitly, let us write down the mixing matrix for 613 # 0,

\/2013 el %013 el s13 €'0a3)
Vi= | eion <—%—%313 eﬂ-g) ei(fa1+az+a4)<%_%813 ems) %013 ci(—a1tastas)
cios (%—%513 e—i&) ei(—a1+a2+a5)<_%_%813 6—1‘5) %613 i(—on+as+as)
(3.6)
where ¢j3 = cosfi3 and s;3 = sinfy3. In this parametrization, we can easily

identify the standard phase, §, and then the standard form for Vpyng is given by
Veuns = PLViPr, where

P = diag (e_ml, et e_i%) , Pr = diag <1, gila—az) ei(al_%)) . (3.7)
If 6,3 is indeed zero, the phase ¢ drops out of the matrix (3.6). This situation is familiar

from the standard model: CP violation requires 613 # 0. Altogether, for #1353 = 0, the
mixing matrix for the right-handed down quarks in eq. (3.4) reads

A,y €1 — Uy i Wy €81 — Uyy el ei(datas)
R,= L \/5 el (Ull +Uy 6@'(@44—041)) \/5 elor2 (U21 +Usy 6@'(@4—041)) _\/§ei(¢4—a1+a2+a5)
\/6 \/§U12 ei(—a1tas+as) \/§U22 ei(—a1taz+oy) \/gei(¢4fa1+a3+as)

(3.8)
with U;; as given in eq. (3.5).

Due to the absence of right-handed multiplets in the standard model, mixing among
the right-handed down quarks is unobservable. With supersymmetry, however, the mixing
of the corresponding squarks potentially leads to enhanced amplitudes for flavor-changing
processes. As mentioned in the Introduction, we will assume universal soft-breaking terms
at the Planck scale. This universality, however, is no longer present at the electroweak scale.
For the scalar masses, this is due to the large Yukawa coupling of the third generation in
the renormalization group evolution (RGE), such that

2 . 2 2 2

M2 (M) = diag (mJ, m2, m> (1 - AJ)) (3.9)

in the case of the dg soft-breaking terms. The fast RGE between Mp; and vg allows for
rather large values of Aj; [9, 11]. Now choosing the super-CKM basis where the down
quarks are mass eigenstates, this matrix is no longer diagonal; in particular, all elements
of the 2-3 block are of comparable size:

1—sin?0Agz/2 sin(20) e % Az/4 sinfe PPa A;/2

M% = Rj; M%Rd = mfz sin(29)'ei¢K Ag/4 11— COS? OA;/2 —cosbe 5 Ag/2 |,
sin 6 e¥Ba Ag/2 —cosfe®Bs Ajg/2 1-4;/2

O = 1 — P2, ¢B, = ¢3 — P4+ q — a3, ¢, = P1— P2+ P3 — s+ g — s .
(3.10)



This observation motivated detailed studies of b — s transitions in supersymmetric GUT
models, in particular the decay b — sy and Bs — By mixing [9-11]. In the following, we
will study the impact of the 1-2 and 1-3 blocks, generated by the angle 6 in eq. (3.5), on
the analogous s — d and b — d transitions, focussing on K — K and By — By mixing.

4 Meson-antimeson mixing

The oscillations of a PO—P° meson system can be described by a Schrédinger-type equation,

(520 ] (20, "
dt \ |[P(t)) 2 [P(1))
where M* and I'" are two 2 x 2 hermitian matrices which encode the four transitions
po /ﬁo — pO /ﬁo via virtual and physical intermediate states, respectively. The physical
states |PY) and |PY) are obtained by diagonalizing M — %I’P . The relevant quantity to
study new-physics effects in P — P’ mixing is the local contribution to the off-diagonal
element of M-
1

P _ 01/ AF=2|50
Miy = M<P [He —°|P >, (4.2)

)

with Mp, the average meson mass (Mp, + Mp,)/2. The effective Hamiltonian H4{=2
which comprises in general eight effective operators,

Apey  GEMZ SN .
Hal 2= =53 > Colur) Qp(np), (43)
i=1
is conveniently expressed at the scale up ~ Mp in the B; and By systems, and at the scale
pup < me in the kaon system. For an extensive introduction into the formalism of K — K
and By s — Ed,s mixing, see e.g. ref. [20].
One observable which is particularly well-suited to constrain the additional rotation of
the dg and 3r squarks in eq. (3.5) is

Im (M)

NINT (4.4)

lex| = ke
which measures the amount of CP-violation in K — K mixing amplitudes. Indeed, |ex]| is
very small in the standard model and its experimental value, measured with high precision,
leaves only little room for new physics. The correction factor k. above parameterizes both
the small deviation of sin ¢, = AMy/(AM} + AT% /4)Y/? from 1/1/2 and the small
contribution from the phase of the isospin-zero K — mwmw decay amplitude. This factor was
estimated to ke = 0.92 £ 0.02 [21] assuming the standard model. Its modification in the
presence of new physics will not alter our analysis, and we will ignore this complication.
The mass difference AMg between the two eigenstates Ky and Kg receives both short-
distance and long-distance contributions, such that the constraint on possible new-physics
effects in the short-distance part,

(AMg)"P = 2Re (M{5), (4.5)



AMP =(3.483+0.006)-10712 MeV  [23] | |ex|®P = (2.229 £ 0.012) - 1073 [23]
AMS®P=(3.337+£0.033)-1071 MeV  [23] | S . = 0.671 & 0.024 [24]
d J/pKs

AMS® = (117.0 £0.8) - 107 10MeV 23] | P =(—0.77 702 U (—2.36 T §-37) rad  [24]

Table 1. Current experimental values of the various AF = 2 observables considered in eqs. (4.4)—
(4.9).

is somewhat diluted among hadronic uncertainties. Despite its precise experimental knowl-
edge, AMg will thus play a minor role in our study.

On the contrary, when new sources of CP-violation in the kaon system are small, two
observables in the By system will prove useful to gain information on the mixing angle 6.
These are the mass difference,

AM, =2 ‘Mled

) (4.6)

and the coefficient of the sin (AM;t) term in the By — J/¢¥Kg time-dependent CP asym-

metry,

. M ViaVin My
S jxcs =sin @0+63) ~Im ‘ gd‘ =g || g maeg gl (4
12 ¢ 12

The phase ¢§ parameterizes CP-violating effects beyond the SM in By — B4 mixing. Here
and in the following, we use the standard CKM phase convention.
Finally, we will also consider the mass difference in the By system,

AM, =2 (Mgs , (4.8)

as well as the phase measured in the By — J/9 ¢ time-dependent angular distribution,

MBS V* th MBS
—26’3&:—2ﬁ +¢A:arcsin Im —12 , [Bs=—arg [— ts , ¢Azarg 12
- mg|) VaVal' T MY
(4.9)

In the SM, fs is tiny: 23 ~ 0.04. Aslong as (bSA is not too small, we thus have —23°T ~ qﬁsA.
On the other hand, one also has ¢, = arg(— My /TEs) ~ ¢2 [22]. In the following, we will
thus identify ¢, = —Qﬁgff.

The current experimental values of the various observables above are reported in ta-
ble 1.

4.1 Standard-Model contributions

In the standard model, W box diagrams with virtual ¢t and /or ¢ flavors generate the effective

operators

= (dryuse) (diyst), QB = (@rubr) (@,7"br) (4.10)



S, > > > dL SR —+—mmr e dR
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cLatL d dk,R d
dr, — < «— S, dp —+—--mmreoo-- SR
(a) (b)

Figure 1. Dominant short-distance contributions to M{5 (a) in the SM; (b) in the CMM extension.

for kaons (see figure la) and B, (¢ = s or d), respectively. The corresponding Wilson
coefficients at the scale up read

CVIL (1uge) = AU (i) | (V2 Vies) 21180 () + 2V Vi) (Vi Vi 13S0 (e, 4
+ (ViaVes)? maSo(e) (4.11)

CYE(up,) = 4Us, (1B,) (Vi Vi) n.So (),

where the factors

_ 3)
() = [0 ()] " [1 ' O‘STE“)J?,]

. (4.12)

and  Up,(p) = [af) (u)} o [1 + asT;“)Js,]

encode the pg, pp,-dependent parts of the short-distance QCD corrections up to next-to-
leading order (NLO), while 7; account for their px, p15,-independent contributions [25, 26;
their values are given in table 2. The loop functions Sy(z4) and Sp(xc, x¢) are listed in the
appendix. Finally, z, = mg/MSV and m, = my(m,) is the MS mass.

In order to compute M{;’B“, we still need the matrix elements of Q}QLL and QE;L.
These are parameterized in terms of “bag factors” Bp, computed at the scale p = O(up):

—0 2
(PO|QF ™ (u)[P") = SMEFEBP(1), (4.13)
where Fp is the decay constant of the P meson. The scale dependences of Up (1) and Bp ()

cancel each other, so that it is convenient to define the renormalization-group-invariant
parameters Bp = Bp(u)Up(p). Egs. (4.11), (4.12), and (4.13) then lead to

G2 M3 ~
(M{5)%M = fQWQW MyFf Bk [(AES)QmSO(%) + 2(AGe) (A )m3.S0 (e, 1)
+(Ag,)° ngSo(mt)] : (4.14)
B G2 M2 ~
(M )™M = fQWQW Mg, F§, B, (M) n8S0(x+),

k __ /% .
where one defines >‘z’j = Vi Vij.
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4.2 CMM contributions

In the context of the CMM model, the dominant supersymmetric effects originate from
gluino box diagrams with virtual dgr, §r, and bg, flavors due to the large mixings in eq. (3.8).
This gives rise to the parity-reflected operators (figure 1b)

QB = (@rYubr) (TRY"OR) - (4.15)

The initial conditions for the Wilson coefficients at the SUSY scale Mg = O(m Jj,mg)
read [9, 11]

Qi = (dryusr) (dry*sg) ,

CMM (1 r 167% aZ(Ms) -
Ck., (Ms) = GIIE  am? > (Ra)mj(Ra)ini(Ra)kj (Ra)is Lo(rm, 1), (4.16)
9 km=1

where (7,7) = (1,2) in the kaon case, (1,3) in the By case, and (2, 3) in the B, case. The

loop function Ly(7y,, 7)) is defined in the appendix, the down-type squark mixing matrix

R was given in eq. (3.8), and r; = m%_ /mg Exploiting the mass degeneracy of the first
J

two generations (see eq. (3.9)) as well as the unitarity of Ry, eq. (4.16) simplifies to

7T2
CPM(agg) = 16T 0OLS) Ry

GQFMI%V 2mg
X {Lo(r1,7m1) — 2Lo(r1,73) + Lo(73,73)} , (4.17)
=mi/mg,  r3=m7(1-Ag) /mj. (4.18)

The RGE of the above Wilson coefficients from the scale Mg down to the scale px g, is per-
formed in two steps: first, the leading-order matching coefficients in eq. (4.17) are evolved
down to uy = O(my) by means of the leading-order RGE factor ng = [agﬁ) (MS)/agG) (e)]?/7.
The remaining evolution, running over two orders of magnitude, is achieved using NLO
formulas — essentially the Uk (), 72, U, (1B, ), and np factors of section 4.1. The O(as)
QCD corrections to the SM function Sy(x;) at the scale p, which are contained in 79 and
nB, should be removed. Denoting them by r = 0.985 [26], we get

1
CMM (k) = Ur (pux ) me 6 C™ (Mg), (4.19)

and similarly for Cgi\/[M(MBq). The cancellation of the p;-dependence between the two
parts of the evolution is of course incomplete, yet this is a numerically small effect which
can be neglected.

The bag parameters of the effective operators Q}QRR and are identical to those
of the SM operators in eq. (4.13) such that the CMM contributions to the matrix elements

MY, finally read

VRR
QY

2(0M e 29K gin2(20 _
(Mg)CMM — as( 5 ) MKFKBK S ( ) 71276 S(g) (7”17 743)7
6m mg 16 r
2 M —2i¢B 2 0 ~
(MEoMM — %MBdFBdBBd o T ) 1y, (4.20)
T
2( M o205, o520 i
gy = By, 1 By, LI 0
r
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ke = 0.92 + 0.02 21] Vis| = 0.2246 = 0.0012 [27]
Fre = (156.1 % 0.8) MeV [27] Vi) = (41.6 = 0.6) - 1073 [23]
B = 0.75+0.07 28] Vip| = (3.95 £ 0.35) - 103 [23]
Fp, By = (270 £ 30) MeV 28] v = (70.7127y° [see text]
5172 )
¢ = zdigg: — (1.21 + 0.04) 28] m = (1.32 £ 0.32) [%] M 125, 29]
Tio(me) = (1.266 + 0.014) GeV  [32] 12 = 0.57 £ 0.01 [26, 29]
my(mg) = (162.1 + 1.2) GeV (31, 33] | m3 = 0.47 £0.05 (25, 29]
as(Myz) = 0.1176 = 0.0020 [23] np = 0.551 + 0.007 (26, 30]

Table 2. Input parameters.

where we explicitly display the factors (Rg)s; in eq. (4.17), SW(r,r3) = Lo(ri,r1) —
2Lo(r1,r3) + Lo(rs,r3), and the CMM phases ¢, ¢p,, and ¢p, have been defined in
eq. (3.10). Note that they fulfill the relation ¢p, = ¢k + ¢p,.

4.3 Additional supersymmetric contributions

Finally, we comment on the supersymmetric contributions which do not exhibit the large
enhancement factors characteristic of the CMM model, namely charged-Higgs(H )-quark
and chargino(y)-squark box diagrams. They do not introduce new operators, and the
flavor structure of the corresponding matrix elements is the same as in the SM,

GE M ~
(My5)THx = ﬁMKFI%BK
x {2(05:) (Xas)ms' Sm (e t) + (Age)* n2 [ (£, ) + Sy (8, )]} (4.21)
B G2 M? ~
(M) X = = Mp, Fig, B, (\p) 1 [Sn (t:) + Sy (t:1)]

The loop functions Sk (c,t), Su(t,t), and Sy (t,t) are given explicitly in ref. [7]. The factor
ni = 0.21 [7] denotes leading-order QCD corrections to the charged-Higgs box with virtual
flavors (c,t). Numerically, charged-Higgs and chargino contributions are small compared
to CMM effects. We checked explicitly that they can be neglected in our analysis.

5 Numerical analysis

We are now ready to investigate the constraints of K — K and By — By mixing on the
angle # in the down-type squark mixing matrix Ry. Since we do not expect a miraculous
cancellation of the phases ¢; and ¢, we will first focus on the case where sin 2¢x ~ O(1)
(section 5.2) and derive constraints on 6 from |ex| alone. We will then turn to the special
case sin2¢x ~ 0 (section 5.3) where, as we will see, interesting constraints can still be
obtained from AMy, AMgy, Sj/ykg, and AMg/AM.

The values of the various input parameters adopted in our numerical analysis are
reported in table 2. Inputs related to CKM elements have to be protected from new-
physics impact. To this end, we determine the CKM matrix from the elements V!, [Vep|,
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|[Vus|, and &, the CP-phase in the standard parametrization, which equals the angle v of
the unitarity triangle to very good accuracy. The three CKM elements are extracted from
tree-level decays. We use |V,s| = 0.2246 + 0.0012 [27], the inclusive determination |V ;| =
(41.6 + 0.6) - 1073 [23], and the average of inclusive and exclusive determinations |Vy| =
(3.95+0.35)-1072 [23]. The angle 7 is determined via y = 7 —a — § = 7 — o — g%, with
B = B+ ¢4 /2 = (21.1 £ 0.9)° from Sk, [24] and o = o — 2 /2 = (88.2F 1) from
B — 7w, wp, pp decays [34]. The dependence on the new-physics phase ¢§ cancels out in
the sum o4 3°F, such that v = (70.7 75.7)° is indeed free from new-physics contamination.

No assumption is made on the squark mixing parameters 0, ¢x, ¢p,, and ¢p, prior to
the analysis of the observables in table 1. The supersymmetric parameters (in particular
mg, 71, and r3, or equivalently mg, mg, and Aj), on the other hand, are chosen such as
to satisfy the constraints coming from other observables. The identification of viable sets
of SUSY parameters is the subject of the next section.

5.1 CMM parameter sets

In the CMM model, the large number of free SUSY parameters shrinks to six input param-
eters at the electroweak scale (in addition to # and the CMM phases ¢x, ¢p,, and ¢p,).
These can be chosen as the gluino mass mg, the first-generation dr and Gp soft masses
m; and mg,” the ratio of the (11)-elements of the trilinear and Yukawa couplings in the
super-CKM basis al = (A4)11/(Ya)11, the phase of the u parameter in the Higgs potential
arg(p), and the ratio of the two Higgs-doublet vevs tan 3. The RGE links these CMM
inputs to the remaining SUSY parameters via the assumption of universal soft-breaking
parameters at the Planck scale and the intermediate SO(10) and SU(5) GUT relations.
Note that the similar input parameters in the CMM model and in specific SUSY scenarios
without grand unification still lead to very different phenomenologies. In such well-studied
scenarios as mSUGRA or the CMSSM, the SUSY-breaking parameters are universal at
MguT, as mentioned in the Introduction, leaving the universal gaugino and scalar masses,
my jo and my, the trilinear coupling A, as well as the sign of ;1 and tan 3 as free parameters.
In contrast to GUT models, however, these scenarios do not relate quarks and leptons to
each other; the MSSM fields can be rotated independently and the large lepton mixing
angles do not become visible in the quark sector.

To establish benchmarks for our analysis of the down-squark mixing angle 6 in K — K
and By — By mixing, we make sure that the chosen CMM input parameters are in accord
with the other observables sensitive to CMM effects, and that they respect constraints
common to generic SUSY scenarios. To this end, we make use of the Mathematica code
written by the authors of ref. [12], which implements the relations between the CMM
input parameters discussed above and the remaining SUSY parameters at the electroweak
scale. The most restrictive observable is the experimental lower bound on the mass of the
lightest Higgs boson my. For small values of tan 3 it is close to the SM bound, m; >
114.4 GeV [36]. The main radiative corrections to the tree-level Higgs mass in the MSSM,
mire® < My|cos2f|, stem from (s)top loops. For very small values of tan3 ~ 3 the

"The specification of both mg and mg fixes the D-term scalar mass splitting [12, 35].
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Figure 2. Down-squark mass splitting A; as a function of mg and mj [GeV]. White: negative
soft masses. Black: excluded by lower bound on light Higgs mass.

large top Yukawa coupling in the RGE drives the stop mass to low values, such that the
Higgs mass bound cannot be fulfilled. In our analysis we choose tan § = 5, such that the
top Yukawa coupling gets smaller, but the natural hierarchy between the top and bottom
Yukawa couplings, induced by vg/Mp; in the CMM superpotential, is preserved. We fix
the inputs a}l/m j = 1.8 and arg(n) = 0, such that the allowed space for mg and m;
around 1TeV is large. Finally, we take mgz = mj as in ref. [12]. In figure 2 we show the
mass splitting parameter Aj; in the mg — mj; plane for this scenario. Black regions are
excluded by the Higgs mass bound. White regions are forbidden due to negative soft mass
parameters. Additional constraints arise from processes reflecting the large atmospheric
neutrino mixing angle like 7 — py, b — sv, and the mass difference AMj; these can cut
further into the low mg and m; regions.

Based on these considerations, we select three sets of CMM input parameters, given in
table 3. As said above, these parameters are defined at the electroweak scale, more precisely
at Mz, in ref. [12]. For consistency, we will thus set Mg = M (and correspondingly 7g = 1,
neglecting the small effect of m; # M) in our analysis of meson-antimeson mixing. Sets
2 and 3 do satisfy the AM; constraint for all values of 6 and ¢p,, while Set 1 requires
|2¢p.| to be between 1.2 and 2.4 radians for small 6 to satisfy this constraint. Note that
especially Set 1 (with small mg and large Aj;) is chosen such that CMM effects in b — s,
b — d, and s — d transitions are large.
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mg [GeV] | mj [GeV] | Ay | 7% [7]
Set 1 400 2000 0.52 0.5
Set 2 700 2000 0.44 0.9
Set 3 700 3000 0.51 0.9

Table 3. CMM parameter sets for fixed a}/m; = 1.8, arg(p) = 0, and tan 8 = 5, satisfying the
constraints discussed in section 5.1. The last column shows the maximal mixing angle 6™** allowed
by |ex| for sin2¢x = 1 (the symmetric solution 6 € [(m — 6™#)/2 7w /2] is excluded by B physics

observables, see figure 4).

5.2 Scenario I: sin2¢x ~ O(1)

As long as the CMM phase ¢ is not too close to zero, |ex| gives the best constraint on

0. The dependence of ™** on the relevant combinations of parameters, i.e., sin 2¢ / mg,

mj/mg, and Aj, is summarized in figure 3-left. The plain black and dashed gray lines

(which happen to be nearly superposed) correspond to mj/mg and Aj; of Set 2 and Set

1, respectively, while the two other lines are obtained by interchanging mj/mg. As one
2

can see, for |sin 2¢K\/m§ > 1TeV~2 and typical values of the parameters mj/mg and Aj,

™% is of the order of one degree. Figure 3 has been obtained treating the errors in table 2
as flat, yet a different error treatment — and/or inflated errors in table 2 — would not
change this picture significantly. Fixing ¢x to 7/4, the precise limits obtained for the
various parameter sets defined in section 5.1 are displayed in the last column of table 3.
The small contributions in section 4.3 have no impact on these numbers.

In the By and B systems, the SM contributions are not as suppressed as for €.
Consequently, the smallness of 6™ prevents any visible effect in AMy and S/, while
the formulas for AM; and ¢s are well approximated setting 0 = 0. Interestingly, sizeable
CMM contributions in the B; system may be welcome to reduce the 2.20 discrepancy
between the SM prediction for ¢, and its experimental value [24]. Within Set 1 it is
possible to bring this discrepancy down to the one-sigma level while satisfying all existing
constraints, see figure 3-right.

Finally, we briefly comment on the dependence of 6™ on the hypothesis of tribimaxi-
mal lepton mixing. In particular, one might expect the 23-mixing angle to be large but not
7/4. In this case, Im [(Rq)32(Rq)5;]> = — 1 sin fag sin® (26) sin(2¢x) for 613 = 0. Hence,
for large o3, the constraints on 6 do not differ much. For a sizeable 13-mixing angle in V7,

lex| gets additional contributions:
A (Im[(Rd)gg(Rd)§1]2> —sin A3 sin® A3 sin(20)[sin(2¢ i )cos(20)cos(p3 — da+as—ay —5)(5 )
— COS(2¢K) Sin(¢3 — s+ g —ay — 5)] + O (sin2 (913) .

No large numerical factors offset the sin 63-suppression, so that the modified § bounds are
again as stringent as those exemplified in figure 3.

Up to now, we have taken the viewpoint of a fixed sparticle spectrum, and investigated
the correlation between effects in b — s and b, s — d transitions governed by the mixing
angle 6. As 0 turns out to be restricted to very small values, it is interesting to consider
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Figure 3. Left: Constraints on § from |ex| as a function of sin2¢ /m? for A; = 0.44 (black) /
0.52 (gray) and mj/mg = 2.86 (plain) / 5 (dashed). Right: CP-violating phase ¢, as a function of
the CMM phase ¢p,. The light gray (dark gray) curve corresponds to Set 1 (Set 2) with 6§ = 0.
The SM prediction (horizontal line) is recovered for 2¢p, = 0, £7. The broad gray band indicates
the one-sigma measurement [24].

the opposite viewpoint of a fixed ‘natural’ 6 value — say, sinf = 0.5 — and derive the
corresponding constraints on sparticle masses from ex. Setting again ¢x to /4, we find
that a soft mass scale mg ~ 2TeV is possible only if the ratio mj/mg ~ 1. In such a
scenario, however, the mass splitting parameter Aj; is very small (cf. figure 2), such that
CMM effects in other observables are negligible. For larger values of the ratio mj/mg,
A increases and accordingly the constraints on mg are much more stringent (for example
mg 2, 20TeV for mj/mg = 2). CMM effects in By and B, physics are thus again killed,
this time by the strong 1/ mg suppression factor.

5.3 Scenario II: sin2¢x ~ 0

If sin2¢x is close to zero, CMM effects cannot make their way into ImM{§ anymore,
and the best constraints on 6 are obtained from AMyg and B physics observables. As
mentioned in section 4, AMp is plagued by hadronic uncertainties, so that we merely
impose [AMSMM| < AMPP to stay on the conservative side. In this case, for mz ~
700 GeV, the constraint from AMp only starts to compete with that from |ex| when
|¢x | = O(0.1°), corresponding to ™ ~ 10° — 30° (depending on the precise values of A ;
and mj/mg). The constraints from AMg, Sj/yk,, and AMg/AM; are in general better,
as we illustrate in figure 4 for Set 1 and Set 2. Note that the constraint from AMy/AM;
depends on both ¢, and ¢p, = ¢x+¢p,. The plots shown in figure 4 correspond to ¢ = 0
and ¢ = 7/2. Other ¢ values lead to different plots, with however the same general
appearance, in particular the exclusion of small 6 angles for some specific ¢, values. For
these specific values, the tight bounds on 6 derived in section 5.2 are thus even surpassed.

As mentioned previously, ¢, can cut further into the parameter space, especially for
negative ¢p, values, see figure 3-right. However, this does not change the typical value of

™2 obtained from B physics observables, which is of ten or a few tens of degrees.
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Figure 4. Constraints on 6 from B physics observables. Black (gray) points indicate allowed regions
in Set 2 (Set 1) parameter space. The first four plots show individual three-sigma constraints
from (a) AMg, (b) Sj/ypKg, () AMg/AM, setting ¢px = 0, (d) AMg/AM; setting ¢ = 7/2.
Plots (e) and (f) show the combined (a,b,c) and (a,b,d) constraints, respectively. In the case of
Set 1, the three-sigma constraint from AM; has also been imposed, excluding points outside the
1.2 < |2¢p.| < 2.4 range (recall that Set 2 is not affected by this constraint). Imposing further
the constraint from ¢s would remove the gray points with 2¢p, < 0 and the black points with
—1.9 < 2¢p, < —1.5 for sinf below 0.15, see figure 3-right. Finally, Set 2 (Set 1) points above the
black (gray) horizontal line are excluded by AM-.

5.4 Closing the unitarity triangle

Recently, several studies pointed out a possible tension in the SM between the value of sin 23
predicted from |ex| and AM;/AMgy, and its direct measurement from Sk [21, 37-39].
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In this section, we illustrate how CMM effects can remove this tension, and simultaneously
account for a sizeable CP-violating phase in the By system.

Due to the particular sensitivity of |ex| to new-physics effects, either 6 or ¢x must
be very small. We will thus consider the two limits # = 0 and ¢x = 0. For each case, we
will compare the value of sin 2 extracted from S/ with its determination from [ Vsl
[Vesls |ex|, and AMg/AMyg, obtained inverting the following expressions with respect to
sin 20 and R;:

MyF2Bg
“12v2A M

lex| =+

G2 M2 2 2 2 p2
3 CEE WPV |V sn (28 (5.2

. 2(Mg) | . g
+2R, sin B1350(2c, 1) —77150(%))} - %8(sz) sin(2¢x) Sln2(29)@ SO (ry, 7“3)},
g

AMS o 2]\43S
AM,; ~ Mp,

(5.3)

\/(kzl + X cos 26, cos?0)? + (—2ky Ry sin 3| Vys|2 — X sin 2¢, cos? 0)?
X

\/(R? 08 23| Vaus |2+ X cos 2¢ 5, sin? 9)2+(R§ sin 28|Vys|2 — X sin 2¢ 5, sin? 9)2
Here k1 = 1+ |Vys|2(1 — 2R; cos B), ko = 1+ |Vis|?(1 — Ry cos f3),

¥ m2a?(Mg) e S(g)(m, r3)
Q\Kb\QG%MgvmgrSo(xt)’

(5.4)

and Ry = |ViaVj;|/|VeaVy| is a side of the unitarity triangle (UT). The above expressions
hold to 0.5% accuracy. In the SM, this leads to sin(28) = 0.81 705 with the inclusive
|Vip| determination of table 2, and to sin(28%) = 0.98 1507 if the exclusive determination

from B — D*(v decays, |Vi|™9 = (38.8 £ 1.1) - 1073 [24], is used instead. Note that

exp
J/YKs?
is indeed observed with the smaller value |V,,|“!. In order to illustrate how CMM effects

can compensate for a low |Vz| input in UT analyses, we will adopt the averaged value of
ref. [39], | V| = (41.040.63) - 1073, In the following, we use the CMM input parameters
of Set 1. All errors are treated as gaussian.

[Vop|P! does not lead to any significant deviation with respect to S while a tension

6 = 0: CMM effects in R;. Since for § = 0 there are no effects in K and By mixing,
CMM contributions enter the UT only via AM;. From figure 5-left, one sees that R; has
to increase in order to close the UT. This requires a CP-violating phase 2¢p, € [1.2,1.8],
taking into account the three-sigma constraints on ¢p, from AM; and ¢s. The dashed
red curve shows R, for ¢, = 0.7, such that the UT determined from |ex| and AM/AM,
agrees with the sin 23 measurement from S; .y x-

¢ = 0,0 = 0.1: CMM effects in R; and 3. In this second case, CMM effects affect
both AM,/AM, and Sk For a fixed angle 6, the UT can be closed by adapting the
CMM phase ¢, = ¢p,. The resulting apex of the UT is shown by the intersection of the
dashed red lines in figure 5-right for § = 0.1 and ¢p, = 0.7. For any value of § allowed
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Figure 5. One-sigma constraints on the UT from S/, k. (light gray), |ex| (gray), and AM,/AMg
(dark gray) in the SM. The one-sigma region determined from |Visl|, |Ves|, |€x|, and AM;/AMg4
assuming the SM is shown in black, and its shift due to CMM effects is indicated in dashed red. Left:
Scenario I, § = 0,¢p, = 0.7. Right: Scenario II, § = 0.1, ¢p, = ¢, = 0.7. CMM inputs: Set 1.

by the constraints from By and Bs observables in section 5.3, one can find a phase ¢p, to
close the UT.

Deviations from these two limit cases, i.e., small but nonzero 6 or ¢ values, rapidly
generate CMM effects in |ex| as well (figure 3-left). These can lower the band from the
lex| constraint in the (p,7) plane, directly making up for the low |V,;| input value.

6 Conclusions

Grand-unified theories introduce relations among quark and lepton masses and mixings.
Motivated by the large atmospheric mixing angle in the neutrino sector, several studies
focussed on the consequences of the SU(5) Yukawa relation Yg = Y/ in b — s transitions.
In this work, we considered corrections to this relation which are essential to account for
the observed light quark and lepton masses. In particular, we investigated the effects on
s — d and b — d transitions of the additional rotation of the dgr and sp quarks. This
deviation with respect to the PMNS matrix, denoted by U, can be parameterized by an
additional mixing angle 6 (see egs. (3.4), (3.5)).

In our analysis, we focussed on models with small Higgs representations; a modified
version of the CMM model served as our specific scenario. In this setup, the differences
between the down-quark and charged-lepton masses are naturally explained by dimension-
five Yukawa operators. The associated supplementary rotation 6 was constrained from
K — K and B; — By mixing observables. In particular, we found that, in the absence of
fortuitous cancellations among the new phases in the matrix U, |ex| sets a stringent bound
on 6, ™M ~ O(1°). Consequently, in the basis where the charged-lepton Yukawa couplings
are diagonal, the matrix DY, + YiD. + 5%?2?0 (in the notations of egs. (2.5), (3.3))
must be diagonal as well. Barring cancellations, this implies that the flavor structure
of the couplings which modify the Yukawa unification must be similar to that of the
initial terms. In other words, in the corrected relation Y4 = Y. + 52Ys (eq. (3.3)), the
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three matrices Yo, Y4, and Y] must be essentially aligned. Constraints from B physics
observables (AMg, Sj/yxg, and AM;/AMg) were also analyzed, and shown to imply the
looser bound 0™* ~ O(10°).

While we have worked out this analysis for a specific GUT model, our results hold in
general for models with small Higgs representations: large effects of the neutrino mixing
angles on bp — sp transitions lead to large effects in bg — dr and sgr — dpr transitions for
natural values of the parameters, once the mass relations for the light quarks and leptons
are corrected. An efficient mechanism is naturally needed to render the mixing among right-
handed d-quarks visible. In the CMM model, this mechanism is provided by the fast SO(10)
running of the dp soft mass matrix, which generates the large universality breaking A jat
the electroweak scale. Of course, other GUT scenarios could include additional sources of
flavor and CP violation inducing effects in |ex|. These could soften the constraints on 6.
Yet they would have to be fairly fine-tuned to cancel the potentially large impact of the
corrections from the dp rotation matrix Ry (eq. (3.4)).

Interestingly, the correction operators which are of importance for proton decay but
contribute equally to the fermion masses ought to have a different flavor structure in
order to be in agreement with the experimental limit [17]. Both types of operators are
generically present in GUTSs. Hence, our analysis is an important step in establishing a
consistent grand-unified model.

Finally, we also considered the possible tension between the value of sin 23 predicted
from [ex | and AMg/AMgy in the SM and its direct measurement from S ;4 , raised by the
authors of refs. [21, 37-39]. We illustrated how CMM effects can remove this tension, and
simultaneously reduce the 2.2 discrepancy observed recently in the B, — B mixing phase.
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A Loop functions

Solie) = e, (A1)
Sole) = S Sotlostay) (A2)
Sofeeim) = flog 2 - 20 Satlogn ], (A3)
Flow) == 1)1(y -1 @ - y [(jl—n& - (zjjl—nf)Z} ’ A
R e e Rl e v ol o
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L0($,y) - %G(xay) - SF(x7y)7 (Aﬁ)

S9(z,y) = Lo(x,2) — 2Lo(z,y) + Lo(y, y)- (A7)
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